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In [1] it was shown that the four-dimensional Einstein-dilaton-Gauss-Bonnet theory allows for
wormholes without introducing any exotic matter. The numerical solution for the wormhole was
obtained there and it was claimed that this solution is gravitationally stable against radial per-
turbations, what, by now, would mean the only known theoretical possibility for existence of an
apparently stable, four-dimensional and asymptotically flat wormhole without exotic matter. Here,
more detailed analysis of perturbations shows that the Kanti-Kleihaus-Kunz wormhole is unstable
against small perturbations for any values of its parameters. The exponential growth appears in the
time domain after a long period of damped oscillations, in the same way as it takes place in the case
of unstable higher-dimensional black holes in the Einstein-Gauss-Bonnet theory. The instability is
driven by the purely imaginary mode, which is nonperturbative in the Gauss-Bonnet coupling α.
PACS numbers: 04.50.Kd,04.70.Bw,04.30.-w,04.80.Cc
I. INTRODUCTION
Wormholes are so far theoretical objects linking dif-
ferent points in spacetime or even different universes. A
number of recent works are devoted to potentially observ-
able features of wormholes, such as gravitational lensing
[2, 3], quasinormal modes [4–6], accretion [7] and others
[8–10]. A wormhole can mimic the gravitational wave re-
sponse of a black hole to the external perturbation both
at the intermediate [11] and late [12] times.
Usually for a wormhole to be traversable an exotic mat-
ter with negative energy density is necessary, in order to
create strong repulsive gravitational force preventing the
wormhole’s throat from shrinking. A fortunate exception
was suggested in [1], where the numerical solution for a
four-dimensional asymptotically flat wormhole was found
in the Einstein-dilaton-Gauss-Bonnet theory.
This theory represents string theory inspired correc-
tions to the Einstein theory at low energies. The full
heterotic string effective theory includes also axions,
fermions and gauge fields as well as higher than the sec-
ond order curvature corrections [13, 14]. In this frame-
work the Einstein-dilaton-Gauss-Bonnet action corre-
sponds to a kind of minimal effective theory. Therefore,
there is a great interest in understanding physics of vari-
ous compact objects, first of all, such as black holes and
neutron stars, in the Einstein-dilaton-Gauss-Bonnet the-
ory [15–25]. The negative energy density, which is nec-
essary for existence of a wormhole, is provided by the
Gauss-Bonnet term. Thus, the solution suggested in [1] is
∗ marco.espinoza@ufabc.edu.br
† konoplya roma@yahoo.com
‡ olexandr.zhydenko@ufabc.edu.br
an important example of a wormhole without any exotic
matter, which is stipulated by the fundamental physics.
An essential criterium related to theoretical possibil-
ity of existence of wormholes is their stability against
small spacetime perturbations. Stability of wormholes
was studied in a number of works [26–29]. Stability of
thin-shell wormholes was investigated only against most-
stable purely radial perturbations [26–28], while (also ra-
dial) stability of wormholes in general relativity reported
in [30] requires a rather odd equation of state for the
surrounding matter [12]. Various wormholes with ghost
scalar field are known to be unstable [31, 32]. Thus, to
the best of our knowledge there is no example of a four-
dimensional asymptotically flat wormhole solution whose
stability would be well established.
Therefore, the stability of such a wormhole solution
against small spacetime perturbations is important to
prove the viability of the wormhole model. Spherically
symmetric perturbations were considered in [1] and there
it was concluded that the wormhole is stable against
spherical perturbations. The boundary conditions used
in [1] imply fixing the size of the wormhole throat, which
looks nonphysical. This was motivated in [1] by the re-
quirement that small perturbation of the dilaton δφ re-
mains finite in the fixed point of the wormholes’ throat,
and the Dirichlet boundary condition was imposed there.
This effectively disconnected the two regions to the left
and right from the throat.
Here we show that, if one relaxes the above require-
ment by allowing for the perturbations of the throat size,
the correct boundary conditions must be the same as
for an asymptotically flat black hole: purely outgoing
waves at both spacial asymptotical regions. Solving the
regularized wave equations under these boundary condi-
tions leads to instability of traversable wormholes in the
2Einstein-dilaton-Gauss-Bonnet theory at whatever small
values of the coupling constants.
The paper is organized as follows. In Sec. II we re-
obtain the numerical wormhole metric of [1] and discuss
the allowed range of parameters and basic features of the
solution. Sec. III deals with the perturbation equations.
In Sec. IV we discuss the results of the time-domain in-
tegration and the found instability. Finally, in Sec. V we
explain the reason for the discrepancy between our work
and [1], and summarize the obtained results.
II. THE KANTI-KLEIHAUS-KUNZ
WORMHOLE SOLUTION
The low-energy heterotic string theory is described by
the action [13, 14]
S =
1
16π
∫
d4x
√−g
[
R− 1
2
∂µφ∂
µφ+ αe−γφR2GB
]
,(1)
where α is a positive parameter proportional to the Regge
slope, γ is the dilaton coupling constant and
R2GB = RµνρσR
µνρσ − 4RµνRµν +R2.
The equations of motion for the dilaton and gravita-
tional fields are given by
∇2φ= αγe−γφR2GB, (2)
Gµν=
1
2
[
∇µφ∇νφ− 1
2
gµν∇λφ∇λφ
]
−αe−γφ [Hµν + 4 (γ2∇ρφ∇σφ− γ∇ρ∇σφ)Pµρνσ] ,
where
Hµν = 2 [RRµν − 2RµρRρν − 2RµρνσRρσ]
+2RµρσλR
ρσλ
ν −
1
2
gµνR
2
GB ,
Pµνρσ = Rµνρσ + 2gµσRρν − 2gµρRσν
+2gνρRσµ − 2gνσRρµ +Rgµρgσν −Rgµσgρν .
The above equations allow for asymptotically flat
spherically symmetric wormholes that can be described
by the following line element [1]
ds2 = −e2ν(l)dt2 + f(l)dl2 + r2 (dθ2 + sin2 θdϕ2) ,
r2 ≡ l2 + r20 , (3)
where r0 is the radius of the throat. The metric func-
tions, f(l) and ν(l), and the dilaton field φ(l) satisfy the
equations [33]
f ′ +
f(r2f + l2 − 2r2)
lr2
=
r2fφ′2
4l
+ 2αγ
e−γφ
lr2
{
2(r2f − l2)(γφ′2 − φ′′) + φ′
[
f ′
f
(r2f − 3l2) + 4lr
2
0
r2
]}
,
ν′ − r
2f − l2
2lr2
=
φ′2r2
8l
+ 2αγ
e−γφ
lr2f
ν′φ′(r2f − 3l2) , (4)
φ′′ + ν′φ′ +
φ′(4lf − r2f ′)
2r2f
= 4αγ
e−γφ
r4f
{
− 2(r2f − l2)(ν′2 + ν′′) + ν′
[
f ′
f
(r2f − 3l2) + 4lr
2
0
r2
]}
,
where the prime designates the derivative with respect
to a radial coordinate l.
The following initial conditions are imposed at the
throat (l = 0)
f(0) = f0,
φ(0) = φ0,
ν(0) = ν0,
φ′(0)2 =
f0(f0 − 1)
2αγ2e−γφ0
[
f0 − 2(f0 − 1) αr2
0
e−γφ0
] .
The latter of the four conditions follows from the require-
ment of regularity of the metric coefficients at the throat.
The requirement
f(l →∞)→ 1 (5)
following from asymptotic flatness is always satisfied.
Due to the scaling symmetry (see Sec. IIC in [33]), with-
out loss of generality we take γ = 1 and r0 = 1, i. e. we
measure α and all dimensional quantities in the units of
r0. Then, for given α > 0 and f0 > 1, we choose ν0 and
φ0 such that
lim
l→∞
ν = 0 , lim
l→∞
φ = 0 . (6)
Once the units are chosen as above, the wormhole so-
lution can be found for every value of α for which (see
Fig. 1)
α
r20
/ 0.13. (7)
The above setup defines two families of the solutions
to the equations (4) for l ≥ 0 corresponding to two pos-
sible signs of φ′(0). All the wormhole configurations pre-
sented in [33] correspond to the choice φ′(0) < 0. It is
clear that if one requires the smoothness of the solution
at l = 0 the resulting configuration is not symmetric with
respect to the throat. Indeed, if one replaces l → −l, then
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FIG. 1. Metric functions, ν(l) (left panel, from bottom to top) and f(l) (right panel, from top to bottom), for the wormholes
α = 0.005r20 (blue), α = 0.02r
2
0 (red), and α = 0.05r
2
0 (magenta) for f0 = 1.1.
φ′(0)→ −φ′(0) (as well as derivatives of the metric func-
tions). It turns out that such solutions have singularities
after crossing the throat. Therefore, we shall study sym-
metric wormholes such that φ′(+0) = −φ′(−0) < 0, i. e.
with discontinuities of the first derivatives at the throat.
Although such a geometry looks artificial, it apparently
does not lead to problems because the observable quan-
tities remain finite at the throat [33]. The discontinuities
can be attributed to the presence of matter with positive
energy density and pressure at the throat [1].
III. LINEARIZED SPHERICALLY SYMMETRIC
PERTURBATIONS
The equations for the linearized spherically symmetric
perturbations of the dilaton δφ and the metric functions,
δf and δν,
φ→ φ(l) + δφ(t, l)
f → f(l) + δf(t, l) (8)
ν → ν(l) + δν(t, l)
can be reduced to one dynamical equation for δφ [33]
∂2δφ
∂l2
+ q1(l)
∂δφ
∂l
+ q0(l)δφ(t, l)− qσ(l)∂
2δφ
∂t2
= 0 , (9)
while the perturbations of the metric functions, δf and
δν, can be expressed in terms of δφ and its derivatives.
Notice also that the perturbation of the throat radius
δr(l, t) is set to 0 in [33].
The coefficients qσ(l), q0(l) and q1(l) can be expressed
in terms of the background solution and have quite a
cumbersome form. It was found in [33] that, for small
wormholes (α > 0.05r20), qσ(l) < 0 for some interval of
l, implying that the kinetic term has a wrong sign. A
similar feature was observed for the small black holes in
the Lovelock theory [34]. Such black holes are always
linearly unstable with respect to the gravitational per-
turbations of the vector type [35]. Yet, it was pointed
out in [36] that the nonhyperbolicity of the perturbation
equations implies that the stability of such black holes is
not a well-posed problem. In the present paper we do not
consider the wormholes for which perturbation equations
are nonhyperbolic.
For sufficiently large wormholes (α ≤ 0.05r20) the func-
tion qσ(l) is positive everywhere and (9) can be reduced
to the wavelike equation [33]
∂2χ
∂t2
− ∂
2χ
∂y2
+ Veff(l)χ(t, l) = 0 , (10)
with the effective potential
Veff(l) =
q0(l)
qσ(l)
− q
′
1(l)
2qσ(l)
− q1(l)
2
4qσ(l)
− q
′′
σ(l)
4qσ(l)2
+
5q′σ(l)
2
16qσ(l)3
,
(11)
where y is the tortoise coordinate defined as
y =
∫ √
qσ(l)dl.
Although q0(l) and q1(l) diverge at the throat, the ef-
fective potential (11) is finite everywhere. In order to find
quasinormal modes for the above case, we need to impose
purely outgoing wave boundary conditions at both infini-
ties.
χ ∼ e±iωy, y → ±∞ (12)
This is compatible with the finite effective potential
which approaches constant values at both asymptotic re-
gions [4]. In a similar fashion with the black hole case
(see, for example, [37]), such boundary conditions de-
scribe the “momentary” reaction of a wormhole to the
perturbation, when the source of perturbation stopped
4acting. Therefore, in the next section we use the method
of numerical integration of the wavelike equation [38]
which was previously used mostly for black holes.
IV. TIME DOMAIN PROFILES AND THE
INSTABILITY
Following [39], for the general spherically symmetric
perturbations we study the time-domain profile for χ(t, l)
at the throat (l = 0). In order to obtain the time-
domain profile we use the discretization scheme proposed
by Gundlach, Price, and Pullin [38]. Rewriting (10) in
terms of the light-cone coordinates du = dt + dy and
dv = dt− dy, one finds
4
∂2χ
∂u∂v
= −Veff
(
u− v
2
)
χ. (13)
The discretization scheme has the following form
χ(N) = χ(W ) + χ(E)− χ(S) (14)
−∆
2
8
Veff(S) [χ(W ) + χ(E)] +O(∆4),
where N , M , E, and S are the points of a square in a
grid with step ∆ in the discretized u-v plane: S = (u, v),
W = (u+∆, v), E = (u, v+∆), and N = (u+∆, v+∆).
With the initial data specified on two null surfaces u = u0
and v = v0, we are able to find values of the function
χ at each of the points of the grid (see [37] for more
details). The resulting profiles are qualitatively similar
for Gaussian waves and constant initial values.
At the early stage of the quasinormal ringing we ob-
serve decaying modes that give way to a nonoscillating
growth at late times (see Figs. 2 and 3). One could think
that such a behavior is the result of some numerical er-
ror accumulated when integrating until very late time.
However, increasing the accuracy goal of our calculations,
as well as diminishing the size of the grid, allows us to
achieve the convergence of the whole procedure of the
numerical integration. After all, the same behavior (i.e.
exponential growth after a long period of damped oscil-
lations) was observed when considering perturbations of
the higher-dimensional black holes in the Einstein-Gauss-
Bonnet theory [40, 41]. There the instability of black
holes was developing at high values of the multipole num-
ber ℓ and, therefore, was called the eikonal instability
[42]. The parametric region of this instability was co-
inciding with the region of nonhyperbolicity of the wave
equation [36], in which case no good initial value problem
can be posed. Thus, this instability is more than a usual
instability and implies that its onset breaks down even
the concept of small perturbations.
Having the above similarities of the time-domain evo-
lutions for black holes and wormholes in Gauss-Bonnet
theories in mind, it would be interesting to test the hy-
perbolicity of the wave equations for the Einstein-dilaton-
Gauss-Bonnet wormholes, as it is not excluded that the
instability observed here might be somehow correlated
with the nonhyperbolicity.
In Fig. 3 one can see that the smaller values of α cor-
respond to the higher growth rates, so that when α→ 0
it is possible that the instability growth rate may go to
infinity. This means that the purely imaginary quasi-
normal frequency, which is responsible for the instabil-
ity would increase unboundedly as α goes to zero. This
indicates that the above mode is nonperturbative in α.
The wormhole is therefore evidently unstable at what-
ever small value of α. The same phenomenon takes place
for D > 4 dimensional asymptotically flat and anti-de
Sitter black holes in various theories with higher curva-
ture corrections [40–46].
V. FINAL REMARKS
However unstable, the wormhole solution obtained in
[1] is an important example of a wormhole supported by
the string theory inspired modification of Einstein equa-
tions rather than by some exotic matter. Let us discuss
here the reason for the discrepancy between our instabil-
ity and the stability reported in [1].
The perturbation function in [1] is
δφ(t, l) = A(l)χ(t, l).
Since the factor A(l) diverges at the throat as O(l−1),
the vanishing boundary conditions were imposed in [33]
in order to have finite perturbations at the throat. Effec-
tively this disconnects the regions of space on both sides
of the throat for purely radial modes of perturbation.
It is important to notice that δφ is not a gauge invari-
ant quantity. Equation (9) was derived assuming that
δr = 0 in
r →
√
l2 + r20 + δr(t, l), (15)
which fixes the throat size r0. A similar situation was
considered in [39], where various black holes supported
by a nonminimal phantom scalar field were considered.
There it was shown that, for the general spherically sym-
metric perturbations of the considered wormhole, (8) and
(15), the gauge invariant quantity,
χ(t, l) ∝ rδφ(t, l) − r
2
l
φ′(l)δr(t, l), (16)
satisfies the the wavelike equation (10) with the finite
effective potential (11). When χ is finite at the throat, δφ
does not diverge unless we fix the throat size by choosing
δr = 0 in (16). Thus, the instability of the wormhole
is easily understood, if one assumes perturbation of the
throat’s radius.
Summarizing all of the above, here we have shown
that when imposing the correct boundary conditions for
the perturbation, the Kanti-Kleihaus-Kunz wormholes
proved to be unstable for whatever small values of the
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FIG. 2. Effective potentials (left panel) and the time-domain profiles (right panel) for the spherically symmetric perturbations
of the wormhole α = 0.02r20 : f0 = 1.001 (blue), f0 = 1.1 (green), f0 = 10 (red). As f0 grows the peak of the potential becomes
larger at the throat and eventually shifts outside the throat, leading to duplication of the peak due to symmetry. The unstable
mode appears later in the profile and grows slower.
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FIG. 3. Effective potentials (left panel) and the time-domain profiles (right panel) for the spherically symmetric perturbations
of the wormhole f0 = 10: α = 0.005r
2
0 (orange), α = 0.02r
2
0 (red), α = 0.05r
2
0 (magenta). As α grows the peak becomes higher
and shifts towards the throat uppering the local minimum at the throat. The perturbations are unstable because the effective
potentials remain negative dominant.
Gauss-Bonnet coupling constant α. The instability de-
velops after a long phase of damped quasinormal oscilla-
tions, which is similar to the time-domain profile of the
eikonal instability observed for black holes in Einstein-
Gauss-Bonnet theory. This may motivate further inves-
tigation of the possibility of nonhyperbolicity of the mas-
ter wave equation for the wormhole case. The instability
is driven by the purely imaginary mode which is nonper-
turbative in α: that is, this mode does not go over into
any finite mode in the limit α→ 0.
In other words the dynamical problem of evolution of
the finite wave function χ which we solved for the fi-
nite effective potential (11) does not have any divergence
problem. The behavior of the dilaton field at the throat,
as it was shown for the other type of a scalar field in
[39], is a pure artifact of the gauge chosen in [33] and,
therefore, can be safely ignored.
The spherically symmetric wormholes in the Gauss-
Bonnet theory allow for the consistent dual-null formula-
tion of the initial conditions for the nonlinear dynamics
for massless matter. In particular, it was recently shown
in [47] that the fate of a perturbed spherically symmet-
ric wormhole supported by scalar fields is either a black
hole or an expanding throat depending on the total en-
ergy of the structure. This result supports our general
conclusion that the Kanti-Kleihaus-Kunz wormholes are
unstable.
Even being unstable, the Kanti-Kleihaus-Kunz worm-
hole solution is a unique and important example of a
traversable wormhole supported not by an exotic mat-
ter, but by introducing the second order curvature cor-
rection and dilaton, which are inspired by string theory.
6Thus, this wormhole appears naturally as a result of
quantum corrections to the Einsteinian theory. There-
fore, in our opinion, further efforts for finding stabilizing
factors could be made in the future by considering non-
minimal theory with additional fields (axions, fermions,
gauge fields) or higher curvature corrections.
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